INTRODUCTION 1.The Finite Element Method
The three main numerical techniques for engineering analysis are the Finite Difference Method (FDM), the Finite Element Method (FEM), and the Boundary Element Method (BEM). The Finite Difference Method, which has been extensively applied to problems of fluid dynamics as well as stress analysis' solves a problem as a pointwise approximation of its governing equations. However, the method is difhcult to apply to problems involving irregular or complex geometries. This has led to the Finite Element Method becoming popular for solving a variety of engineering field problems, since it can be easily applied to many ditferent types of geometry.
The Finite Element Method' uses a piecewise approximation to solve the governing equations by dividing the problem domain into a series of non-infinitesimal elements and applying these equations to each element. For an elastostatic problem, for example, the principle of minimum potential energy can be applied to the equilibrium of each element to form a 'stilTness matrix which relates the nodal forces and displacements on each element. The stiffness matrices for all the elements can then be assembled into a global system of equations which are then solved for the unknown loads and displacements.
The method can be easily applied for solving problems with complex geometries and has been successfully used for solving problems in fluid mechanics,3 potential fl~w,~ rock and solid mechanics,5 electromagnetism,6 crystal growth,7 acoustics* and heat conduction;' as well as problems involving elasto-plasticity and time-dependent deformation (creep) of materials."
However, since the method only provides an approximation to the solution, it is often necessary to use a large number of very small elements to obtain accurate results. By employing a very fine mesh, the number of nodal points and hence the size of the stiffness matrix, can increase rapidly, occupying a large amount of the computer's available storage space. The solution of the global system of equations then becomes very difficult and time-consuming due to the size of the matrix. This is particularly noticeable in the solution of three-dimensional problems where each node has three degrees of freedom, and in problems where very fine meshes are essential for modelling stress behaviour accurately.
The size of the global stiffness matrix, and hence the problems associated with it, can be reduced by employing a Boundary Element Method which reduces the dimensionality of the problem by one.
The Boundary Element Method
Whereas the Finite Element Method attempts to find an approximate solution to a problem, the Boundary Element Method solves the equilibrium equations by integrating them analytically as the first step in the solution procedure. The advantage of this is that, since they have been integrated, only the boundary values of the problem need to be known. Hence, there is no need for either discretisation of the interior regions of a problem, or for evaluation of the function at any points other than those at the boundaries, before the problem can be solved. This greatly reduces the computational size of a model since a three-dimensional volume model can be modelled by its two-dimensional surfaces, and two-dimensional surface problems can be solved using one-dimensional line elements. The main disadvantages of the BEM are however the complex integrations required when formulating the initial equations and the resulting fully populated and asymmetric matrices.
The two main forms of the Boundary Element Method are the DBEM and the IBEM. The DBEM" forms an equation directly relating the physical variables of a problem. The IBEM12 on the other hand, solves the problem for a set of imaginary sources, distributed around the boundary. The source distribution is then used to find the unknown displacements and tractions of the problem. This latter method is the easiest to apply in calculating results at points within a boundary element region since once the source distribution has been found it can be used to obtain the solutions for any other points without the need to re-solve the equations. Both these methods have been applied to a wide variety of problems, including elasticity,13 creep,i4 fluid mechanics and electromagnetics. l5
The solutions for each of these methods are written in terms of fundamental solutions which relate the displacements or tractions (scalar field variable and its derivative for a potential problem) at a field point on the boundary to the source strength at a source point on the boundary. The solution is obtained by integrating the effect of the source points over the boundary, and solving the resulting system of equations for each field point. The fundamental solutions are dependent upon the inverse of the distance between the field and source points, which causes problems to arise in the integrals when the location of the field and source points coincide, since here the fundamental solutions become singular. The treatment of these singularities has been discussed in detail by Banerjee & Butterfield.i6 However, Patterson & Sheikh17 eliminated these singular points from the solution by moving the source boundary to a position outside the field boundary. This technique is known as the Regular Boundary Element Method, and it eliminates the singular integrals by separating the field and source boundaries so that the field and source points no longer coincide. The regular approach has been applied to both the Direct'* and Indirect" Boundary Element Methods. The distance that the source boundary is placed away from the field boundary is controlled by a dimensionless factor A, which is multiplied by the local element length to obtain the distance along the normal to each element at which the source boundary is positioned. If this factor, A, is too small then the source boundary approaches the field boundary and the results approach the singularity situation. Conversely, if the physical and source boundaries are too far apart then rounding errors become significant and the accuracy for the solution drops. This behaviour of the X factor in the Regular Indirect Boundary Element Method (RIBEM) has been investigated*9>20 to find a stable region.
A modified Trefftz Method
The next development in the RIBEM was by Patterson & Sheikh21922 who employed a modified Trefftz Method to replace the source distribution with a discrete set of source points on the source boundary. This produced the Indirect Discrete Boundary Method (IDBM), which contained no integrations, and thus eased the computation of the solution. The method has been successfully applied to a variety of field problems.23-26
By using the IDBM instead of the Finite Element Method (FEM) it is not only possible to significantly reduce the number of degrees of freedom of a problem, and hence the size of the equations, but the integrals which complicate the solution procedure in the BEM when the field and source boundaries coincide are eliminated. However, although the system of equations is smaller than that for the Finite Element Method for a similar problem, the stiffness matrix is both asymmetric and fully populated, as opposed to the banded matrix produced by the Finite Element Method.
Coupled methods
Comparing the BEM with the FEM, it can be seen that the former is ideal for reducing the number of degrees of freedom. However, they produce fully populated and asymmetric system equations. They are advantageously applied to linear problems including those with an exterior unbounded domain but they are less effective for non-linear problems. The FEM, on the other hand, is well recognised as an effective solver for problems which include such effects as non-homogeneous materials, non linear material properties, plasticity or creep and as a consequence require interior discretization.
Generally it is seen that where the FEM is weak, the BEM is strong and vice-versa. Moreover, the methods do not have any shared weaknesses. There is a clear attraction, therefore, in developing a combined approach, realizing the advantages of each technique whilst eliminating their disadvantages.
The combination of the Finite Element Method with the Singular Boundary Element Method is well documented.27-29 The coupling of the Indirect Discrete Boundary Method with the Finite Element Method has been achieved by adapting the equations for the boundary regions and allowing them to be combined with the finite element stiffness matrix as finite element substructures or super-elements.30~3' The coupling of the IDBM and the FEM is a more favourable approach since there are no singular integrations to perform. The resulting coupled method allows part of a problem to be modelled using the FEM and the rest of it using the IDBM. The resulting system of equations is smaller than the one obtained from a pure finite element model but allows a fine mesh of finite elements in regions where it is advantageous to use the FEM.
The combined FEM-IDBM was initially applied to two-dimensional potentia132Y33 and linear elastic34'35 problems. Later it was extended to axisymmetric problems,36Y37 three-dimensional elasticity3' and elasticplastic fracture. 39 
MATHEMATICAL FORMULATION
The mathematical formulation of the various Boundary Element Methods has been discussed in detail by a number of authors. '37'9@,41 In this section the mathematics behind the Regular Indirect Boundary Element Method (RIBEM) is discussed and although the technique is described with reference to a planar problem in linear elasticity the same basic mathematical formulation applies for axisymmetric and threedimensional elasticity problems. The boundary element equations for elliptic problems such as steady state heat transfer or potential flow can also be formulated in a similar manner. This is followed by a description of the Trefftz Method and the way in which it has been modified to produce the Indirect Discrete Boundary Method (IDBM). Finally, coupling of the Finite Element Method, and the Indirect Discrete Boundary Method is described.
Regular Indirect Boundary Element Method
For a two-dimensional body ( Fig. 1) in equilibrium under the action of a series of tractions and displacements, Navier's equilibrium equations must be satisfied. An indirect formulation of the Boundary Element Method can be made using a set of fundamental solutions based on Green's functions,'6,42Y43 which relate the variables at a field point (xf) to those at the source point (x,) on the boundary of the problem being analysed. The solution can be written as:
where G, is the fundamental solution and S'(Xs) is the value of the source function. Similarly, the tractions are related to the source functions by: in which Fij is the traction fundamental solution. Assuming that there are no body forces, the effect of all the tractions and displacements can be found by integrating the fundamental solutions over the surface 
The integrals in eqn (3) are evaluated by partitioning the boundary (or surface in a three-dimensional problem) of the problem into a series of elements ( Fig. 2) with nodal points at which variables are evaluated. The integration is usually performed by employing a numerical procedure which transforms eqn (3) into the form:
where n is the number of elements and I? is the boundary (or surface) of each element over which the integration is performed. The fundamental solutions G and F are functions of ln( l/r) and l/1' respectively for planar elasticity problems. The singularities are also encountered in the fundamental solutions for other problems and give rise to difficulties when the field and source points coincide causing the fundamental solutions to become singular. Methods have been developed for overcoming these problems,16742 but these involve complex integration techniques. The Regular Indirect Boundary Element Method overcomes these problems by eliminating any singularities from the solution.41 This is achieved by moving the imaginary source boundary to a position outside the physical boundary of the problem as shown in Fig. 3 .
Indirect Discrete Boundary Method
The basis of the Indirect Discrete Boundary Method is the Trefftz Method." The latter method was modified by employing the fundamental solutions in the Physi lwun sj(zs) Fig. 3 . Location of the source surface in the regular indirect boundary element method (RIBEM).
expansion. Moreover, a strategy similar to the one employed in the Regular Boundary Element Method was adopted whereby the singularities of the fundamental solutions are located outside the domain of the problem.
To describe a numerical model in the Indirect Discrete Boundary Method (IDBM), collocation points are defined on the surface with graded density similar to the boundary freedom nodes. Then to each collocation point a source location is defined. There is no constraint on the location of the singular point apart from the requirement that it be outside the domain of the problem being analysed as shown in Fig. 4 . A solution is then sought as a linear expansion of the fundamental solutions. Such an expansion satisfies the governing equations so that only the boundary conditions remain to be satisfied. Given N degrees of freedom in the expansion coefficients, and hence N undetermined expansion coefficients, these are determined by point collocation on the boundary equating the trial solution to the given boundary conditions. A non-singular system of linear algebraic equations is thereby obtained which can be solved to produce the solution on the boundary. It is obvious that in the IDBM, which is a modified Trefftz Method, the boundary integrals are replaced by a collocation process. This simplifies the problem by eliminating the integrations in eqn (4). Using the fundamental solutions G and F [eqns (1) and (2)] as a set of linearly independent functions, the solution for displacement, u, and traction, t, on the boundary and through the domain of a problem can now be expressed as:
where S, are the magnitudes of the sources at the discrete points on the source boundary.
The equations for {an} and {t,} at the boundary nodes are written in matrix form as: fun) = Pl{S) (7) {tnl = MS1 (8) At every boundary node either the displacement or the traction is known so that assembling all the equations relating the known boundary conditions and the source intensities gives:
where {tin} is the vector of known boundary conditions, and [B] is a matrix of both G and F fundamental solution contributions. Equation (9) can be solved to give {S}, the source intensities, which can then be used in eqns (7) and (8) to give the boundary solution as:
It can be seen that the Indirect Discrete Boundary Method greatly simplifies the numerical calculation, not only by replacing the integration but also by avoiding singularities in the fundamental solutions.
Geometric representation
For the geometric representation of the boundary or surface of a problem in the Indirect Discrete Boundary Method, various strategies may be employed. The purpose is solely to distribute freedom nodes around the boundary (or surface in a three-dimensional problem) in a way which accurately models the problem to produce a converged solution. For example, continuous elements (Fig. 5 ) may be employed when the freedom nodes are located at the element edge. Usually this poses no problem but the element edge may coincide with a discontinuity (such as a corner in a twodimensional problem) in the problem definition resulting in modelling ambiguities. Similarly, problems arise at the interface where the type of boundary condition changes. Yet again, when a numerical model is derived using subdomains, a similar problem arises where several subdomains meet or where two subdomains meet the exterior boundary.
To alleviate the modelling problems discussed above, a family of discontinuous and partially discontinuous elements have been developed.45-47 Some of these elements are shown in Fig. 6 , and are used in distributing the freedom nodes in the IDBM as will be demonstrated in the case studies which are discussed in this paper.
Subregioning
Subregioning or the division of the domain into finite subdomains may be required to deal with nonhomogeneous problems or slender structures. Moreover, bandedness may be induced in the resulting matrices which are otherwise fully populated.44 Most conventional subregioning schemes resort to assembling the subregional matrices into one final banded matrix. 48 However in the technique49 which is discussed in this paper, each subregion matrix is inverted and stored immediately after being set up. Hence, it eliminates the need to use a reduction scheme, and less computing time is spent on inversions.
The formulation takes advantage of the fact that in the IDBM the field quantities, u and t, are governed by separate equations indirectly linked by the distribution of the source densities. The interfacial relations of adjacent subregions are between the field quantities and not the source densities. This natural feature of the IDBM, therefore, gives the opportunity of treating each subregion separately.
To illustrate the technique, let the domain of the problem be divided into two subregions as shown in Fig. 7 . Across the interface boundary compatibility and equilibrium must be enforced. Hence
Initially, as before, the following expression is formed for each subregion. {%I = PI{Sl (eqn 9) In this case {an}, the boundary condition vector, contains some unknowns due to both tractions and displacements (or flux and potential for potential problems) being unknown at the interface.
For subregion one, eqn (10) becomes:
{#I= [Gl~Pl?~~d~ (13) {t) = mPl?@?Jl (14) Separating the known peripheral and the unknown interfacial field variables (15) in which {u}i2 are displacements at the subregion interfacial boundary and {u}r i are the displacements on the remainder of the subregion boundary. Substituting eqn (15) into eqns (13) and (14) gives (~1 = Pl,Pli%4,, + KW3l;;'{~h2 (16) {tl= Pl1Pl11'G4ll + vwG2W1* 
Equation (26) can be used to set up n12 equations (n12 is the number of interface freedom nodes) in order to solve for n12 interface displacements {u}i2. A system of n12 simultaneous equations is similarly constructed by considering the tractions on the interface. Hence a system of equations is formed as: Fwuh2 = {Yl (27) so that fuh2 = w'm
Once {u}r2 is formed, the boundary condition vector { iin} can be completed so that {S) = IT'@d (29) and hence {ul = PI{SI it) = [ms) (30) The flow chart in Fig. 8 presents the algorithm and is self-explanatory.
Coupling of Finite Element and Indirect Discrete Boundary Methods

Finite element energy formulation
For an elastostatic problem, the Finite Element Method can be derived using an approach based on the minimization of the potential energy.2P50 For a body of region 0 with a boundary I', the potential energy is given as: (31) where the first term is a volume integral of the strain energy density W(U) and the last two integrals are the external work terms in which p represents the external boundary loads and b represents the body forces. For a particular finite element, eqn (31) can be written in matrix form as:
where (p,,} is the nodal force vector, {un} is the nodal displacement vector and [k] is the stiffness matrix given by: (33) where [mw = vG~ (35) This system of equations contains unknowns for every node so that the size of the total system is related to the number of nodes. As the problem becomes more complex or a greater refinement is required, the system of equations can become large. A boundary technique offers the possibility of modelling only the boundary or surface of the problem so that the number of freedoms required for a satisfactory discretization is considerably reduced. However, as discussed earlier, a coupled Finite Element Boundary Element Method is desirable as it would allow a user to exploit the advantage of each method. It is obvious that the final system of equations (eqn (10)) in the IDBM, relates tractions and displacements and as such is not directly compatible with the FEM which relates nodal displacements and forces (eqn (35) ). A transformation is, therefore, required of eqn (10) to bring it in the same form as eqn (35).
Boundary region super-element formulation
A formulation based on the Indirect Discrete Boundary Method is now described which develops a system of equations analogous to a super-element (or substructure) in the Finite Element Method which enables coupling of the FEM and the IDBM to be achieved. It utilises Clapeyron's theorem," to transform eqns (7) and (8) into one relating nodal displacements to nodal forces.
By combining eqns (7) and (8) the source strengths {S} can be eliminated so that the displacements and tractions are directly related by the following equation:
-ttl= Plwl~~~ (36) Clapeyron's theorem relates the strain energy, w(u), the body forces, b, and the surface tractions, t, by means of the following equation: (37) Substituting eqn (36) into (37) and then into eqn (31) for the potential energy yields, in the absence of body forces, the following equation:
As in the Finite Element Method, the solution is sought Fig. 9 . Body divided into finite elements and a boundary region. It should be noted that, although the IDBM as it was originally formulated contained no integrals, in transforming the equations to be compatible with the Finite Element Method, an integration process has been reintroduced. However this is only a simple surface integral which can be evaluated using the same technique as that used for integrating the finite element equations.
The combined technique is illustrated in Fig. 9 where the domain is divided into two substructures. Region fir is modelled using the FEM while region & is modelled using the IDBM. The two substructures can be combined provided that at the intersection of the two regions the surfaces are compatible. This means that the finite element and boundary nodes must be coincident, and the shape functions used for the integration must be compatible. Provided that these conditions are adhered to, the combination of the two methods should present no problems.
Although only two subregions have been used here to demonstrate the coupling scheme, in fact theoretically there is no limit on the number of subregions which can be used, and the domain can be split into as many subregions as required. The equations for each subregion are then formulated using either method, before merging the stiffness matrices and nodal force vectors to give the final system of equations.
CASE STUDIES
Three examples are included here to demonstrate the application of the IDBM, and the use of the combined FEM-IDBM to real engineering design problems. The first two examples illustrate the use of the IDBM to a fully three-dimensional thermal analysis of (i) a motor pump casing, and (ii) a diesel engine piston. The third example illustrates the use of combined FEM-IDBM model for the stress analysis of a crane hook.
Thermal analysis of a Glandless Motor Pump Casing
This pump casing - Fig.( 10) -was the object of study by Person53 and later by El-Sebai. 54 It features large temperature gradients and also concave geometries which cause modelling problems. Although the problem is axisymmetric, nevertheless, its three-dimensional analysis provides a good test for the method. The boundary conditions for the problem are shown in Fig. 11 . The IDBM model for the casing is shown in Fig. 12 . It is composed of a 30" segment of the casing and has 11 subregions discretized by 91 discontinuous quadratic elements with 728 freedom nodes. In subregions 3 and 4, it was necessary to move some freedom nodes to model the triangular geometry in that area. Figure 13 shows the axisymmetric and threedimensional finite element models which were also used for comparison with the IDBM solution.
The results from the IDBM analysis compare favourably with the axisymmetric finite element results, as shown in Fig. 14 , where isothermals at a 15" plane are plotted. A detailed comparison of the results is made in Table 1 , where the temperature variation across the section A-A is given for the IDBM and the axisymmetric finite element models. The maximum temperature difference, as given by the two models, is 1~4°C which is a difference of 053% between the two results.
Auxiliary Impeller Fig. 10 . Pump casing-pump and motor assembly, A large cast aluminium piston featuring an oval cooling gallery is analysed. Due to the symmetrical nature of the piston only a quarter segment needed to be modelled. The IDBM model employs 22 subregions ( Fig. 15 ) with 224 eight noded discontinuous elements having 1792 degrees of freedom as shown in Fig. 16 are shown in Fig. 17 . Along the top surface of the piston, temperatures are specified along with potential normal derivatives (calculated from heat transfer coefficients) specified elsewhere. The modelling of the cooling gallery caused some difficulty where is was necessary to use numerous subregions with smaller elements. This made the model more efficient but at the expense of a small increase in the data preparation time.
The results from the analysis are shown in Fig. 18 where isothermals are plotted. The results, again, compare favourably with three-dimensional finite element analyses previously conducted by the manufacturers. This problem which arose from the design optimization exercise of a crane hook is shown in Fig. 19 . Under static loading, a region of high stress is produced in the inner radius of the hook. Failures had occurred when cracks initiated in this region in the original design. As a result of these failures the problem was analysed using the photoelastic techniquem and as a result of this study an improved design was proposed. The photoelastic work had, on a tenth scale model, shown that, by increasing the inner radius the stresses could be reduced to acceptable levels. Here, the analysis is confined to the one final radius to demonstrate the application of the combined FEM-IDBM technique and the results from the combined model are compared with results from a finite element analysis. The finite element model of the hook, which was earlier used for the analysis, is shown in Fig. 20 . It comprises 360 eight-noded isoparametric elements. The combined FEM-IDBM model, as shown in Fig. 21 , is constructed using eight-noded isoparametric finite elements around the hook bend and three-noded quadratic boundary elements for the remainder of the problem. The top area of the hook is modelled as one boundary region (super element) with 13 quadratic elements whilst the lower arm has five boundary regions (superelements) consisting of 41 quadratic elements. Figure 22 shows the deformed shapes of the hook under load for the finite element and combined FEM-IDBM analyses. These deformations are exaggerated for clarity.
From the computed stresses a stress concentration factor was calculated around the nodes along the inner radius of the bend. This is to enable the results to be compared with those obtained by photoelastic experiment. The stress concentration factor is the ratio of the maximum principal stress at the nodes to the maximum principal stress at a point on the horizontal arm just before the radius. This reference point, marked A on Fig. 19 , was used in the photoelastic analysis as it marked the point where the stress distribution changed from a linear distribution of a simple cantilever to a non-linear distribution around the radius. The stress concentration results are plotted in Fig. 23 , as a function of angle round the radius from the bottom.
Comparison of deformed shape plots (Fig. 22) show that finite element and combined FEM-IDBM analyses give the same shape. The combined method gave the tip displacement which was about 6% lower than the finite element analysis. The stress concentration results (Fig. 23) are plotted by fitting a smooth curve through the stresses at the finite element nodes on the inner radius. The result for the maximum stress concentration factor using the combined method is 2.2, for the photoelastic technique, 2.1 and the FEM, 2.05. These are all within 8% of each other but the shape of the 8&e. element distribution is slightly flatter than the other two, with the peak occurring further around the radius.
DISCUSSIONS AND CONCLUSIONS
Being a domain method, with freedoms distributed over the entire domain of the problem, the Finite Element Method would appear to carry a much higher modelling cost when compared with a Boundary Domain Technique with freedoms distributed over the boundary only.
One boundary domain technique which has been investigated in some detail in the past few years is the Boundary Element Method. Whilst this method has the advantage of only having boundary freedoms it also has a serious disadvantage in that in setting up the algebraic equations of the method, a series of integral equations of convolution type must be evaluated.
A number of other boundary domain techniques have also been developed. Among these is the Indirect Discrete Boundary Method which is a modified form of the Method of Trefftz. In this method, fundamental solutions of the given problem are employed as expansion functions the singularities of which are located outside the domain of the problem. The method greatly simplifies the numerical calculation by eliminating the integrations normally associated with Boundary Element Methods.
To prescribe a numerical model in the Indirect Discrete Boundary Method, collocation points are defined on the surface of the problem. These points are conveniently generated by using continuous, discontinuous and partially discontinuous boundary or surface elements depending upon the required mesh grading. Then to each collocation point a surface location is defined which is outside the domain. A solution is then sought as a linear expansion of the fundamental solutions. This expansion necessarily satisfies the governing equations so that only boundary conditions remain to be satisfied. The coefficients of expansion are determined by point collocation on the boundary by equating the trial solution to the given boundary conditions. A non-singular inhomogeneous system of linear algebraic equations is thereby obtained. The method has been successfully applied to planar, axisymmetric and fully three-dimensional analysis of problems in potential flow and linear elasticity.
Using the subregioning technique, the number of fundamental solutions required to be calculated is reduced considerably as these are only required between each source and every field point within a given subregion. The technique also facilitates the modelling of holes and concave geometries.
Thermal analysis of the pump casing and the piston show that the Indirect Discrete Boundary Method is feasible for modelling components which have complex geometries and can give accurate results efficiently.
A unified technique, employing a coupled Finite Element-Indirect Discrete Boundary Method has also been developed. This technique allows optimal use of both methods and thus offers greater flexibility in modelling complex problems. For example, in problems involving plasticity, creep or fracture, it would be advantageous to model these regions using finite elements and the rest of the domain using a boundary technique.
A technique has been developed which modifies the Indirect Discrete Boundary Method and produces a final system of equations which is analogous to that of the Finite Element Method. The equations for the boundary region are then used by a finite element system as a substructure or super-element.
The crane hook problem demonstrates how a reduction in the size of a problem can be achieved by using boundary regions as finite element substructures-and yet obtain a solution of comparable accuracy.
